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Abstract
In this paper, some new oscillation criteria are obtained for all solutions of the nonlinear delay di&erence
equation of the form xn+1 − xn + pnf(xn−k) = 0, n= 0; 1; 2; : : : . Our results also improve some well-known
results in the literature even when applying them to the linear delay di&erence equation. c© 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Consider the nonlinear delay di&erence equation
xn+1 − xn + pnf(xn−k) = 0; n= 0; 1; 2; : : : ; (1)
where {pn} is a sequence of nonnegative numbers and k is a positive integer, and
f∈C(R; R) and uf(u)¿ 0 for u =0: (2)
As is customary, a solution {xn} of (1) is said to be oscillatory if the terms xn of the sequence are
neither eventually positive nor eventually negative. Otherwise, the solution is called nonoscillatory.
A special case of Eq. (1) is the linear equation
xn+1 − xn + pnxn−k = 0; n= 0; 1; 2; : : : ; (3)
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which has been investigated extensively in the literature. See, for example, [1–13] and the references
cited therein.
In 1989, Erbe and Zhang [2] proved that every solution of (3) oscillates if
lim inf
n→∞ pn¿
kk
(k + 1)k+1
: (4)
Later condition (4) was improved, by Ladas et al. [4], to
lim inf
n→∞
n−1∑
i=n−k
pi ¿
(
k
k + 1
)k+1
: (5)
In 1998, Tang [5], using di&erent techniques, improved (5) to conditions
n−1∑
i=n−k
pi¿
(
k
k + 1
)k+1
for large n (6)
and
∞∑
n=k
pn


[
1− 1
k
(
n−1∑
i=n−k
pi −
(
k
k + 1
)k+1)]−k
− 1

=∞: (7)
Recently, Tang and Yu [6,7] showed (6) can be further improved by
∞∑
n=0

k + 1
k
(
n+k∑
i=n+1
pi
)1=(k+1)
− 1

=∞ (8)
and
∞∑
n=0
[
n+k∑
i=n
pi ln
(
n+k∑
i=n
pi + 1− sign
n+k∑
i=n
pi
)
−
n+k∑
i=n+1
pi ln
(
n+k∑
i=n+1
pi + 1− sign
n+k∑
i=n+1
pi
)]
=∞;
(9)
respectively.
The counterexample in [10] shows that the nonlinear Eq. (1) and the corresponding linear Eq. (3)
may have di&erent oscillatory behavior even if
lim
u→0
f(u)
u
= 1: (10)
For this reason, we cannot infer the oscillatory behavior of solutions of (1) by the oscillatory be-
havior of solutions of (3). Therefore, it is valuable to establish the oscillation criteria for nonlinear
equation (1).
In paper [10], Tang and Yu established an interesting oscillation criterion for the nonlinear equation
(1). In this paper, we will establish some new oscillation criteria for (1), which are independent of
[10] and extend and improve condition (8).
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In connection with the nonlinear function f(u) in (1) we give the following assumption (H):
(H) there are a function g(u)∈C(R; R+) and a number 0¿ 0 such that
(i) g(u) is nondecreasing on R+;
(ii) g(−u) = g(u) and limu→0 g(u) = 0;
(iii)
∫ 1
0
g(u)
u du¡∞;
(iv) |f(u)=u− 1|6 g(u), 0¡ |u|¡0.
For the sake of convenience, we deIne a set Sn = {pi ¿ 0 | n− k6 i6 n− 1} and let kn denote
the number of the elements in Sn. Obviously, 06 kn6 k.
Our main results are the following:
Theorem 1. Assume that (2) and (H) hold; and that
lim inf
n→∞
n−1∑
i=n−k
pi ¿ 0: (11)
Suppose also that
∞∑
n=0
pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

=∞: (12)
Then every solution of (1) oscillates.
Corollary 1. Assume that
∞∑
n=0
pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

=∞: (13)
Then every solution of (3) oscillates.
Theorem 2. Assume that (2) and (10) hold. Suppose that
lim inf
n→∞
[(
kn + 1
kn
)kn+1 n+k∑
i=n+1
pi
]
¿ 1: (14)
Then every solution of (1) oscillates.
Theorem 3. Assume that (2); (11) and (12) hold; and that there exists 0¿ 0; r ¿ 0; and M¿ 0
such that
|f(u)− u|6M |u|1+r ; |u|6 0: (15)
Then every solution of (1) oscillates.
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2. Some lemmas
Lemma 1. Assume that (2) holds and
∞∑
n=0
pn =∞: (16)
Then every nonoscillatory solution of (1) converges to zero monotonically as n→∞.
The proof is trivial and omitted.
Lemma 2. Assume that (2); (16) and (H) hold. If (1) has a nonoscillatory solution; then eventually
n+k∑
i=n
pi6
3
2
: (17)
The proof of Lemma 2 is similar to the proof of Lemma 2.2 in [10].
Lemma 3. Assume that (2); (16) and (H) hold. If {xn} is a nonoscillatory solution of (1); then
there exist an integer N and a real number A¿ 0 such that
|xn|6A
n−1∏
i=N
(
1− pi
2
)
; n¿N: (18)
Proof. We may assume {xn} to be eventually positive. Similar to the proof of Lemma 2.2 in [10];
there exists an integer N such that xn ¿ 0 for n¿N and that
xn+1 − xn + 12 pnxn6 0; n¿N:
It follows that
xn6A
n−1∏
i=N
(
1− pi
2
)
; n¿N;
where A= xN . The proof is complete.
Lemma 4. Assume that (2); (11) and (H) hold. If {xn} is a nonoscillatory solution of (1); then
there exists a real number l¿ 0 such that eventually
xn−k
xn
¡ l: (19)
Proof. We may assume that {xn} to be eventually positive. Similar to the proof of Lemma 2.2 in
[10]; there exists an integer N such that xn ¿ 0 for n¿N and
xn+1 − xn + 12 pnxn−k6 0; n¿N:
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By [13; Lemma 2]; we have
lim sup
n→∞
xn−k
xn
6
16
(lim inf n→∞
∑n−1
i=n−k pi)2
¡∞:
This complete the proof of Lemma 4.
3. Proofs of theorems
Proof of Theorem 1. Assume; for the sake of contradiction; that (1) has a nonoscillatory solution
{xn}. There is no loss of generality in assuming that xn ¿ 0 for n¿ n0. By Lemma 1; (11) and
(H); there exists an integer n1¿ n0 such that
∑n−1
i=n−k pi ¿ 0 for n¿ n1 and that
0¡xn¡0; xn+1 − xn6 0; and 0¡g(xn−k)¡ 1; n¿ n1;
where 0 is given by assumption (H). From the above and (H), we have
f(xn−k)¿ (1− g(xn−k))xn−k ; n¿ n1:
Substituting this into (1) we get
xn+1 − xn + pnxn−k(1− g(xn−k))6 0; n¿ n1: (20)
Set n = 1− xn+1=xn; n¿ n1; then 06 n¡ 1 for n¿ n1. By (20); we have
n¿pn
n−1∏
i=n−k
(1− i)−1 − pn xn−kxn · g(xn−k); n¿ n1 + k:
By using the arithmetic mean-geometric mean inequality and Lemma 4; we have
n¿pn
(
1− 1
kn
n−1∑
i=n−k
i
)−kn
− lpng(xn−k) for n¿ n2¿ n1 + k
or
n
n+k∑
i=n+1
pi¿pn
(
n+k∑
i=n+1
pi
)(
1− 1
kn
n−1∑
i=n−k
i
)−kn
− lpn
(
n+k∑
i=n+1
pi
)
g(xn−k); n¿ n2: (21)
In view of Lemmas 2–3; from (21); we have
n
n+k∑
i=n+1
pi¿pn
(
n+k∑
i=n+1
pi
)(
1− 1
kn
n−1∑
i=n−k
i
)−kn
− 3
2
lpng
(
A
n−k−1∏
i=N
(
1− pi
2
))
; n¿ n3¿max{N; n2}: (22)
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Since
n∏
i=n−k
(
1− pi
2
)
¿ 1− 1
2
n∑
i=n−k
pi¿
1
4
; n¿ n3:
It follows that
n−k−1∏
i=N
(
1− pi
2
)
=
n∏
i=N
(
1− pi
2
) n∏
i=n−k
(
1− pi
2
)−1
6 4
n∏
i=N
(
1− pi
2
)
; n¿ n3: (23)
Set n=
∏n
i=N (1− pi=2) and Dn=3lpng(A
∏n−k−1
i=N (1−(pi=2)))=2 for n¿ n3. Let N ∗¿ n3 such that
4AN∗−1¡ 1. It follows from point (iii) of (H); (23) and the nondecreasing nature of the function
g(u); we have
∞∑
n=N∗
Dn =
3
2
l
∞∑
n=N∗
png
(
A
n−k−1∏
i=N
(
1− pi
2
))
6
3
2
l
∞∑
n=N∗
png(4An)
= − 3l
∞∑
n=N∗
Kn−1
n−1
g(4An)
= − 3l
∞∑
n=N∗
g(n)
n−1
Kn−1
6 3l
∞∑
n=N∗
∫ n−1
n
g(u)
u
du
= 3l
∫ N∗−1
0
g(u)
u
du¡∞;
where n = 4An is nonincreasing and limn→∞ n = 0. Rewrite (22) as
n
n+k∑
i=n+1
pi¿pn
(
n+k∑
i=n+1
pi
)(
1− 1
kn
n−1∑
i=n−k
i
)−kn
− Dn; n¿ n3: (24)
It is easy to prove that
r
(
1− x
kn
)−kn
¿ x + (kn + 1)r1=(kn+1) − kn for r¿ 0 and x¡kn:
Hence; from (24); we have
n
n+k∑
i=n+1
pi ¿pn
n−1∑
i=n−k
i + pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

− Dn; n¿ n3: (25)
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Summing (25) from N ∗ to T ¿N ∗ + 2k; we obtain
T∑
n=N∗
n
n+k∑
i=n+1
pi −
T∑
n=N∗
pn
n−1∑
i=n−k
i
¿
T∑
n=N∗
pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

− T∑
n=N∗
Dn: (26)
By interchanging the order of summation; we Ind that
T∑
n=N∗
pn
n−1∑
i=n−k
i¿
T−k∑
n=N∗
n
n+k∑
i=n+1
pi: (27)
Substituting (27) into (26); we get
T∑
n=T−k+1
n
n+k∑
i=n+1
pi ¿
T∑
n=N∗
pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

− T∑
n=N∗
Dn: (28)
Notice that 06 n¡ 1; from (28); we have
T∑
n=T−k+1
n+k∑
i=n+1
pi¿
T∑
n=N∗
pn

(kn + 1)
(
n+k∑
i=n+1
pi
)1=(kn+1)
− kn

− T∑
n=N∗
Dn: (29)
Since
∑∞
n=N∗ Dn¡∞; it follows from (12) and (29) that
lim
T→∞
T∑
n=T−k+1
n+k∑
i=n+1
pi =∞: (30)
On the other hand; by Lemma 2; we have
T∑
n=T−k+1
n+k∑
i=n+1
pi6
3
2
k;
which contradicts (30) and so the proof is complete.
Remark 1. From the proof of Theorem 1; we easily see that condition (11) is unnecessary for the
linear equation (3). Therefore; we have Corollary 1. Obviously; (13) further improves (8).
Proof of Theorem 2. Assume; for the sake of contradiction; that (1) has a nonoscillatory solution
{xn}. There is no loss of generality in assuming that xn ¿ 0 for n¿ n0. By (14); there exist ∈ (0; 1)
and an integer n1 such that
(kn + 1)
(
n+k∑
i=n+1
(1− )pi
)1=(kn+1)
− kn¿  for n¿ n1: (31)
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It follows that
∞∑
n=0
pn

(kn + 1)
(
n+k∑
i=n+1
(1− )pi
)1=(kn+1)
− kn

=∞:
By Corollary 1; the equation
xn+1 − xn + (1− )pnxn−k = 0; n= 0; 1; 2; : : : ; (32)
has oscillatory solutions only. On the other hand; by (10) there exists an integer n2¿n1 such that
f(xn−k)
xn−k
¿ 1− ; n¿ n2;
which; together with (1); implies that
xn+1 − xn + (1− )pnxn−k6 0; n¿ n2: (33)
This shows that inequality (33) has an eventually positive solution. Consequently; the corresponding
equation (32) has also an eventually solution. This contradiction complete the proof of Theorem 2.
Remark 2. In the linear case; Theorems 1 and 2 include and improve the corresponding results in
[6;4].
Proof of Theorem 3. Set g(u) = M |u|r . Then it is easy to see that assumption (H) holds. Hence
Theorem 1 implies that the conclusion of Theorem 3 holds. The proof is complete.
4. Some applications
In this section, we give two examples to demonstrate the advantage of our results.
Example 1. Consider the linear delay di&erence equation
xn+1 − xn + pnxn−3 = 0; n= 0; 1; 2; : : : ; (34)
where p3n = 0; p3n+1 = p3n+2 = d; n= 0; 1; 2; : : : .
It is obvious that kn = 2 for n¿ 4 and
n+3∑
i=n+1
pi = 2d; n= 0; 1; 2; : : : :
If d¿ 4=27, then
lim inf
n→∞
[(
kn + 1
kn
)kn+1 n+k∑
i=n+1
pi
]
=
27
4
d¿ 1:
By Theorem 2, every solution of (34) oscillates. On the other hand, if d6 4=27. By [2], the following
delay di&erence equation
yn+1 − yn + dyn−2 = 0; n= 0; 1; 2; : : : ; (35)
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has an eventually positive solution {yn}. Let
x3n+1 = x3n = y2n; x3n+2 = y2n+1; n= 0; 1; 2; : : : :
Then
x3n+1 − x3n = 0 = p3nx3n−3;
x3n+2 − x3n+1 = y2n+1 − y2n =−dy2n−2 =−p3n+1x3n+1−3;
x3n+3 − x3n+2 = y2n+2 − y2n+1 =−dy2n−1 =−p3n+2x3n+2−3:
These show that {xn} satisIes equation (34), and so (34) has an eventually positive solution. Thus
every solution of (34) oscillates if and only if d¿ 4=27.
Example 2. Consider the nonlinear delay di&erence equation
xn+1 − xn + pnf(xn−k) = 0; n= 0; 1; 2; : : : ; (36)
where p5n = p5n+1 = 0; p5n+2 = p5n+3 = p5n+4 = d¿ 0:23; n= 0; 1; 2; : : :; and
f(u) =
{
u[1 + (1 + ln2|u|)]−1; u =0;
0; u= 0:
Let
g(u) =


1; |u|¿ 1;
(1 + ln2|u|)−1; 0¡ |u|¡ 1;
0; u= 0:
It is easy to see that (2) and assumption (H) hold [10]. In addition; by a simple calculation; we
have
k5n = 3; k5n+1 = 2; k5n+2 = p5n+3 = 1; p5n+4 = 2; n= 0; 1; 2; : : : ;
and
5n+4∑
j=5n
pj

(kj + 1)

 j+3∑
i=j+1
pi


1=(kj+1)
− kj

 = d[(2√2d− 1) + (2√d− 1) + (3 3√d− 2)]
¿ 0:23[(2
√
0:46 + 2
√
0:23 + 3 3
√
0:23)− 4]
= 0:0353; n= 1; 2; : : : :
It follows that
∞∑
n=5
pn

(kn + 1)
(
n+3∑
i=n+1
pi
)1=(kn+1)
− kn

=∞:
By Theorem 1; every solution of (36) oscillates.
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